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In this paper, we found within the framework of perturbative QCD, that in deuteron-deuteron
scattering the Bose-Einstein correlations due to two parton showers production, induce azimuthal
angle correlations, with three correlation lengths: the size of the deuteron (RD), the proton radius
(RN), and the size of the BFKL Pomeron which, is closely related to the saturation momentum
(Rc ∼ 1/Qs). These correlations are independent of the values of rapidities of the produced gluons
(long range rapidity correlations), for large rapidities (α¯S |y1−y2| ≥ 1), and have no symmetry with
respect to φ → pi − φ (p
T1
→ −p
T1
). Therefore, they give rise to vn for all values of n, not only
even values. The contributions with the correlation length RD and RN crucially depend on the
non-perturbative contributions, and to obtain estimates of their values, requiries a lot of modeling,
while the correlations with Rc ∼ 1/Qs have a perturbative QCD origin, and can be estimated in
the Color Glass Condensate (CGC) approach.
PACS numbers: 12.38.-t,24.85.+p,25.75.-q
I. INTRODUCTION
In this paper we continue to resurrect the old ideas of Gribov Pomeron Calculus, that the Bose -Einstein correlations
lead to strong azimuthal angle correlations[1], which do not depend on the rapidity difference between measured
hadrons ( large range rapidity (LRR) correlations). In the framework of QCD, these azimuthal correlations stem from
the production of two patron showers, and have been re-discovered in Refs.[2, 3]. In Ref.[4] it was demonstrated that
Bose–Einstein correlations generate vn with even and odd n, with values which are close to the experimental values
[5–15].
The goal of this paper is to show that the Bose–Einstein correlations that have been discussed in Refs.[1, 4], arise
naturally in the perturbative QCD approach, together with ones that have been considered in Refs.[2, 3]. We believe
that the qualitative difference between these two approaches originates from different sources of the Bose-Einstein
correlations: the two parton shower production in Refs.[1, 4] and one parton shower for Refs.[2, 3].
We consider here the azimuthal correlations for deuteron-deuteron scattering at high energy. It is well known[16],
(see also Refs. [17]) that Bose-Einstein correlations provide a possibility to measure the volume of interaction or, in
other words, the typical sizes of the interaction. Indeed, the general formula for the Bose-Einstein correlations [16, 17]
takes the form
d2σ
dy1 dy2d2pT1d2pT2
(identical gluons) ∝
〈
1 + eirµQµ
〉
(1)
where averaging 〈. . . 〉 includes the integration over rµ = r1,µ − r2,µ. For the case of y1 = y2, Qµ = p1,µ − p2,µ
simplifies to Q ≡ pT,12 = pT1 − pT2,
One can see that Eq. (1) allows us to measure the typical rµ for the interaction. For deuteron-deuteron scattering
we expect several typical r: the size of the deuteron RD, the nucleon size RN , and the typical size, related to the
saturation scale (rsat = 1/Qs, where Qs denotes the saturation scale[18]). In our calculation we hope to see the
appearance of these scales.
It is well known, that the total cross section for the deuteron-deuteron scattering can be written in the form:
σDD = 4σNN − ∆σDD, where ∆σDD is the Glauber correction term[19] which is proportional to 1/R
2
D, while σNN
denotes the total cross section of the nucleon-nucleon interaction. Intuition, suggests that the correlation radius of
the order of RD, stems from the production due to the Glauber correction term (see Fig. 1)
The production of two gluon are shown in Fig. 1-a and Fig. 1-b, where interference in the case of the generated
identical gluon leads to the correlation function of Eq. (1). Generally speaking, the inclusive production of two gluons
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FIG. 1: The two parton showers production that contributes to the Glauber correction term for deuteron-deuteron scattering.
The wavy lines describe the exchange of the BFKL Pomeron. Fig. 1-a and Fig. 1-b show two diagrams that can interfer for
identical gluons. The dashed lines show the cut BFKL Pomeron [20].
with rapidities y1 and y2 and transverse momenta pT1 and pT2, takes the form
d2σ
dy1 dy2d2pT1d2pT2
(identical gluons) = (2)
d2σ
dy1 dy2d2pT1d2pT2
(different gluons)
(
1︸︷︷︸
squared of diagrams
+ C (Rc|pT1 − pT2|)︸ ︷︷ ︸
interferencediagram
)
In Eq. (2) Rc denotes the correlation radius (correlation length), and in the form of the correlation function, we
anticipate that the production of two parton showers leads to the double inclusive cross section, that does not depend
on rapidities y1 and y2.
II. BORN APPROXIMATION
A. Bose-Einstein correlation function with radius ∝ RD
The simplest contribution in the Born approximation of perturbative QCD is shown in Fig. 2. The second diagram
describes the interference between two parton showers, shown in Fig. 1-b.
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FIG. 2: The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and
p
T2
, in the Born Approximation of perturbative QCD. The interference diagram of Fig. 2-b gives the correlation function
C (RD|pT1 − pT2|) of Eq. (2). The solid lines denote nucleons in the deuterons, which are specified by double lines
3The analytical expressions take the following forms. For the diagram of Fig. 2-a we have
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 2− a) ∝
∫
d2QTG
2
D (QT )
×
∫
d2kt d
2lT
(
IP (kT ,−kT +QT )
k2T (k − p1)
2
T
Γµ (kT ,pT1) Γµ (−kT +QT ,pT1)
IP (kT − pT1,−kT + pT1 +QT )
(−k +Q)
2
T (−k + p1 +Q)
2
T
)
×
(
IP (lT ,−lT −QT )
l2T (l− p2)
2
T
Γν (lT ,pT2) Γν (−lT −QT ,pT2)
IP (lT − pT2,−lT + pT2 −QT )
(−l−Q)
2
T (−l+ p2 −Q)
2
T
)
(3)
The interference diagram of Fig. 2-b takes the following form
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 2− b) ∝
∫
d2QTGD (QT ) GD
(
QT + pT,12
)
×
∫
d2kT d
2lT
(
IP (kT ,−kT +QT )
k2T (k − p1)
2
T
Γµ (kT ,pT1) Γµ (−lT −QT ,pT1)
IP (kT − pT1,−kT + pT1 +QT )
(−l−Q)
2
T (−l+ p1 −Q)
2
T
)
×
(
IP (lT ,−lT −QT )
l2T (k − p2)
2
T
Γµ (lT ,pT2) Γµ (−kT +QT ,pT2)
IP (lT − pT2,−lT + pT2 −QT )
(−k +Q)
2
T (−k + p2 +Q)
2
T
)
(4)
The Lipatov vertices Γµ have the form (see reference [18] for example):
Γµ (kT , pT1) =
1
p2T1
(
k2T pT1 − kT p
2
T1
)
; Γµ (kT1, pT2) =
1
p2T2
(
k2T1 pT2 − kT1 p
2
T2
)
; (5)
and
Γµ (kT , pT1) Γµ (kT1, pT2) =
k2T1 (kT − pT2)
2
p2T2
+
k2T (kT1 − pT1)
2
p2T1
− Q2T − p
2
T,12
k2T k
2
T1
p2T1 p
2
T2
(6)
where pT,12 = pT1 − pT2 and kT1 = kT −QT . One can see from Eq. (6) that
Γµ (kT , pT1) Γµ (kT1, pT2)
kT ≪QT
−−−−−−→ k2T
(
1 +O
(
Q
pT1
;
kT
pT1
))
Γµ (kT , pT1) Γµ (kT1, pT2)
kT1 ≪QT
−−−−−−→ k2T1
(
1 +O
(
Q
pT2
;
kT1
pT2
))
; (7)
GD (QT ) is equal to
GD (QT ) =
∫
d2r eir·QT |ΨD (r) |
2 (8)
where r denotes the distance between the proton and the neutron in the deuteron. The impact factors
(IP (kT ,−kT +QT ) and others in Eq. (3) and Eq. (4)), determine the interaction of two gluons with the nucleon,
and their typical momenta are about 1/RN .
From Eq. (8) we can see that typical QT ∝ 1/RD, where RD is the deuteron radius. In other words, QT (and
|QT + pT,12| in Eq. (4)) turn out to be much smaller than the value of kT and lT , which are determined by the size
of the nucleon (RN ) kT ≈ lT ∼ 1/RN ≫ QT (|QT + pT,12|) ∼ 1/RD, through the impact factors IP in Eq. (3) and
Eq. (4). The reason is that RD ≫ RN . Neglecting QT and pT,12 in comparison with kT and lT , we can simplify
Eq. (3) and Eq. (4) to the form
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 2− a) +
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 2− b) ∝ (9)
1
p2T1 p
2
T2
∫
d2QT
{
G2D (QT ) +
1
2 (N2c − 1)
GD (QT ) GD
(
QT + pT,12
)}
×
∫
d2kt d
2lT
(
IP (kT ,−kT ) IP (kT − pT1,−kT + pT1)
k
2
T (k − p1)
2
T
)
×
(
IP (lT ,−lT ) IP (lT − pT2,−lT + pT2)
l
2
T (l− p2)
2
T
)
4In Eq. (9) we consider p1 = p2 for the expressions in
(
. . .
)
. Note, that the interference diagram of Fig. 2-b
contributes when the polarizations of the produced gluons are the same, this fact is reflected in Eq. (4) by the same
indices of Lipatov vertices. In Eq. (9) we replace
Γµ (kT ,pT1) Γµ (−lT −QT ,pT1) Γµ (lT ,pT2) Γµ (−kT +QT ,pT2)
→
1
2
Γµ (kT ,pT1) Γµ (−kT +QT ,pT2) Γν (lT ,pT2) Γν (−lT −QT ,pT1) (10)
QT ,pT,12 ≪ kt,lT
−−−−−−−−−−−→
1
2
Γµ (kT ,pT1) Γµ (−kT ,pT1) Γν (lT ,pT2) Γν (−lT ,pT2)
=
1
2
1
p2T1 p
2
T2
k2T (k − p1)
2
T l
2
T (l− p2)
2
T (11)
Factor 1/
(
N2c − 1
)
in Eq. (9) reflects that identical gluons have the same colors (Nc is the number of colors).
Finally, the correlation function C (Rc|pT1 − pT2|) in Eq. (2) is equal to
C (RD pT,12) =
1
2 (N2C − 1)
∫
d2QT GD (QT ) GD
(
|QT + pT,12|
)∫
d2QT G2D (QT )
(12)
B. Bose-Einstein correlation function with radius ∝ RN : Glauber corrections
In this subsection we show that the Glauber corrections due to interaction of one nucleon with two nucleons of the
deuteron, shown in Fig. 3, lead to a correlation radius of the order of RN . In the diagram of Fig. 3-a, QT is of the
order of 1/RD and, therefore, it is much smaller that the typical values of kT and lT , which are of the order of 1/RN .
Hence, the contribution of this diagram is similar to Eq. (9): viz.
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 3− a) ∝
1
p2T1 p
2
T2
∫
d2QT GD (QT )
×
∫
d2kT d
2lT IP (kT , lT ,−lT ,−kT )
IP (kT − pT1,−kT + pT1) IP (lT − pT2,−lT + pT2)
k2T (k − p1)
2
T l
2
T (l− p2)
2
T
k
l
  k−  p1
Y
− k + Q T
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FIG. 3: The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and
p
T2
in the Born Approximation of perturbative QCD. The interference diagram of Fig. 3-b yields the correlation function
C (RN |pT1 − pT2|) of Eq. (2). The solid lines denote nucleons in the deuterons, which are illustated by double lines
Unfortunately, we cannot treat the impact factors IP theoretically in the case of nucleon. The phenomenological
approach to IP has been discussed in Refs.[4, 24], and we will return to this below. For the moment we replace the
nucleon by the state of a heavy quark and antiquark (onium), to study the key features of the impact factors in the
5framework of perturbative QCD (see Fig. 4). Introducing, the form factor of the onium in the form
F (QT ) =
∫
d2r ei
1
2
QT ·r |Ψonium (r) |
2 (13)
we can express the impact factor in the form
IP (kT ,−kT +QT ) = F (QT ) − F (2kT +QT ) ; (14)
IP (kT , lT ,−lT +QT ,−kT +QT ) = 1 + F (2QT ) + F (2(kT + lT )) + F (2(kT − lT −QT ))
− F (2kT ) − F (2(kT −QT )) − F (2lT ) − F (2(lT +QT )) (15)
In Eq. (13) the impact factors are equal to
IP (kT ,−kT ) = 1 − F (2kT ) ; IP (lT ,−lT ) = 1 − F (2lT ) ; (16)
IP (kT , lT ,−lT ,−kT ) = 2 + F (2(kT + lT )) + F (2(kT − lT ))− F (2kT ) − F (2(kT ))− F (2lT )− F (2(lT )) ; (17)
The integration over kT and lT lead to typical values of kT ∼ 1/RN and lT ∼ 1/RN , and it does not generate
azimuthal angle correlations. Indeed, this is clear from the following features of IP from Eq. (17):
RN kT ≪ 1, RN lT ≪ 1; IP (kT , lT ,−lT ,−kT ) ∝ k
2
T l
2
T ;
RN kT ≪ 1, RN lT ≫ 1; IP (kT , lT ,−lT ,−kT ) ∝ k
2
T ;
RN kT ≫ 1, RN lT ≪ 1; IP (kT , lT ,−lT ,−kT ) ∝ l
2
T ;
RN kT ≫ 1, RN lT ≫ 1; IP (kT , lT ,−lT ,−kT ) ∝ 1; (18)
I (k, −k +  Q  )  =P T −
k − k + QT k − k + QT
a)
l
  +
−k+ QT
−l−QT
−l−QT
I (k, l, − l + Q, ,−k−Q )   =P T T k
l
  −k −k+QT
−l−QT l
  −k −k+ QT
−l−QT l
k −k QT
l
  +k −k+ QT
−l−QT
b)
FIG. 4: The impact factors for onium for RNkT > 1, RN lT > 1 and RNQT > 1
In the diagram of Fig. 3-b one can see that GD (QT − p12) regulates that |QT − p12| is of the order of 1/RD.
This means that we can put QT = p12 in all parts of diagrams, since the typical values of kT and lT are about
1/RN ≫ 1/RD. Therefore, the diagram of Fig. 3-b can be reduced to the form
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 3− b) ∝
1
p2T1 p
2
T2
∫
d2QTGD (QT − p12)
×
∫
d2kT d
2lT IP (kT , lT ,−lT − p12,−kT + p12) IP (kT − pT1,−kT + pT1) IP (lT − pT2,−lT + pT2)
×
{(
1
(k − p1)
2
T (l + p12)
2
T
+
1
k2T (l− p2)
2
T
)
−
(l− k + p12)
2
T p
2
T,1
k2T (k − p1)
2
T (l− p2)
2
T (l+ p12)
2
}
×
{(
1
(l− p2)
2
T (k − p12)
2
T
+
1
l2T (k − p1)
2
T
)
−
(l− k + p12)
2
T p
2
T,2
l2T (l− p2)
2
T (k − p1)
2
T (k − p12)
2
}
(19)
The largest contributions to the integrals over kT and lT lead to the logarithmically large terms, which are proportional
to ln
(
p2T1R
2
N
)
ln
(
p2T2R
2
N
)
. These contribution stems from the terms which are proportional to 1/
(
(k − p1)
2
T
)2
, and
6to 1/
(
(l− p2)
2
T
)2
. We consider the kinematic region in the integration over kT and lT , where kT − pT1 ≡ k1 → 0
and lT − pT2 ≡ l2 → 0. For small k1 ≪ pT2 and l2 ≪ pT1 the product of curly brackets is equal to
1
p2T1
{
1
k21
+
1
l21
−
(k1 − l2)
2
k21 l
2
2
}
1
p2T2
{
1
k21
+
1
l21
−
(k1 − l2)
2
k21 l
2
2
}
=
4 (k1 · l2)
2
p2T1 p
2
T2 k
4
1 l
4
2
after integration over angle
−−−−−−−−−−−−−−−−→
2
p2T1 p
2
T2 k
2
1 l
2
2
(20)
For RNk1 ≪ 1 , IP (kT − pT1,−kT + pT1) ∝ k
2
1 , and the integral over k1 gives a small contribution of the order of
1/(R2Np
2
T1). Recall that we can use the perturbative QCD approach only if RNpT1 ≫ 1 and RNpT2 ≫ 1. Therefore,
the main contribution occurs from the region of integration (1/R2N)≪ k1 ≪ pT2 and (1/R
2
N)≪ l1 ≪ pT1. Integration
in this region leads to the contribution
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 3− b) ∝
1
p4T1 p
4
T2
ln
(
p2T1R
2
N
)
ln
(
p2T2R
2
N
) ∫
d2QTGD (QT − p12)
× IP (pT1,pT2,−pT1,−pT2) (21)
Therefore, from this kinematic region the correlations are determined by the impact factor. Using the impact factor
given in Eq. (15), we see that
IP (pT1,pT2,pT1,pT2) = 2 + F (2 (pT1 + pT2)) + F
(
2pT,12
)
− 2F (2pT1)− 2F (pT2) (22)
This function is symmetric with respect to φ → pi − φ (pT1 → −pT1), and with such an impact factor, the Born
approximation produces only vn with even n, as was noted in Ref.[2, 3]. However, this conclusion is based on the
impact factor of Eq. (15). Eq. (22) shows that this impact factor leads to pT,12 ∼ 1/RN .
  +
l
−k+ QTk
I (k, l, − l + Q, ,−k−Q )   =P T T
l
k −k+ QT
−l−QT −l−QT
F
FIG. 5: The impact factors for onium for for RNkT > 1, RN lT > 1 and RNQT ≤ 1. The dashed lines denote the Coulomb
gluons that form the onium bound state.
Note that the simple expression of Eq. (15) (see Fig. 4) is written for sufficiently hard gluons. For small values of
QT = pT,12 we need to add the first diagram of Fig. 5, in which two gluons with large transverse momenta (about
pT1 or pT2 ) but small QT . The final expression for the impact factor takes the form
IFP (kT , lT ,−lT +QT ,−kT +QT ) = IP (kT ,−kT +QT ) IP (lT ,−lT −QT ) + IP (kT , lT ,−lT +QT ,−kT +QT )︸ ︷︷ ︸
Eq. (15)
(23)
The first term in Eq. (23) generates the correlation function which is proportional to F 2
(
2pT,12
)
.
Summarizing, we see that the Born approximation of perturbative QCD, generates the correlation function which is
determined by the impact factor of the nucleon, the typical correlation length is about RN , and even for the unrealistic
perturbative model of onium, this correlation function is not symmetric with respect to φ→ pi − φ. We will consider
below the more realistic case, in leading log approximation of perturbative QCD. However, we would like to stress
now, that the correlation function stems from the large non-perturbative distances of the order of the nucleon size.
C. Bose-Einstein correlation function with radius ∝ RN : nucleon-nucleon interaction
The correlations withRc = RN are typical for the nucleon-nucleon interaction ( see Fig. 6 for the Born approximation
of perturbative QCD). However, we will consider them below for the general case of the production of two parton
showers, since we prefer to use a more phenomenological and realistic approach for the impact factors IP , than we
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FIG. 6: The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and pT2 in the
Born Approximation of perturbative QCD for the nucleon-nucleon interaction. The interference diagram of Fig. 6-b yields the
correlation function C (RD|pT1 − pT2|) of Eq. (2). The solid lines denote nucleons in the deuterons, which are illustrated by
double lines.
explored above, replacing the nucleon by the onium state.
III. PRODUCTION OF TWO PARTON SHOWERS
A. Rc ∝ RD
In this section we consider the general case of the production of two parton showers shown in Fig. 1. In the
leading log approximation (LLA) of perturbative QCD, the structure of one parton shower is described by the BFKL
Pomeron[21, 22]. In the leading log approximation of perturbative QCD the Born diagram of Fig. 2-a can be generalized
Y
0
(y , p  )
1 T1
k − k + Q T
(y , p  )
2 T2
l − l − Q T
Y
0
(y , p  )
1 T1(y , p  )
2 T2
k − k + Q T
− l − Q Tl
G(Q )T
 Q T
 Q T
 Q T
 Q T
FIG. 7: The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and pT2, for
the exchange of two BFKL Pomerons which are denoted by wavy lines. This diagram is the LLA generalization of Fig. 2-a.
The solid lines denote nucleons in the deuterons, which are indicated by double lines.
8to Fig. 7. The contribution of this diagram can be written as follows
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 7) =
(
2piα¯S
CF
)2
1
p2T,1 p
2
T2
∫
d2QTG
2
D (QT )
×
(∫
d2kT φ
N
G (Y − y1;kT ,−kT +QT ) φ
N
G (y1;kT − pT1,−kT + pT1 +QT )
)
×
(∫
d2lT φ
N
G (Y − y2; lT ,−lT −QT ) φ
N
G (y2; lT − pT2,−lT + pT2 −QT )
)
(24)
where φNG (y,kT ,−kT +QT ) denotes the probability to find a gluon with rapidity y and transverse momentum k⊥,
in the process with momentum transferred QT . In Eq. (24) α¯S = αSNc/pi with the number of colours equal to Nc.
φNG are the solutions of the BFKL evolution equation
∂φNG (y,kT ,−kT +QT )
∂y
= α¯S
∫
d2k′T
2pi
K (QT ; kT , k
′
T ) φ
N
G (y,k
′
T ,−k
′
T +QT ) (25)
− (ωG (QT − kT ) + ωG (kT ))φ
N
G (y,kT ,−kT +QT )
where
K (QT , kT , k
′
T ) =
1
(kT − k
′
T )
2
{
k2T
k′2T
+
(QT − kT )
2
(QT − k
′
T )
2 −
(kT − k
′
T )
2
k′2T (QT − k
′
T )
2
}
(26)
ωG (kT ) =
1
2
α¯Sk
2
T
∫
d2k′T
2pi
1
k′2T (kT − k
′
T )
2
The typical momenta in φNG is about 1/RN or larger, (about pT1(pT2) or Qs, where Qs denotes the saturation scale.
Bearing this in mind, and noting that QT ∼ 1/RD ≪ 1/RN we can put QT = 0, in the arguments of φ
N
G . This
simplifies Eq. (24) reducing it to the following expression
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 7) =
d2σ
dy1 d2pT1
d2σ
dy2 d2pT2
×
∫
d2QTG
2
D (QT ) (27)
The diagram of Fig. 2-b in the LLA, simplifies the expression for the exchange of two BFKL Pomerons, but with
more complicated vertices. Using Eq. (10) and considering α¯S (y1 − y2) ≤ 1, we can write this exchange in the form
that is represented in Fig. 8, and its contribution has the following form
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 8) =
1
2
(
2piα¯S
CF
)2 ∫
d2QTGD (QT ) GD
(
QT − pT,12
)
(28)
×
(∫
d2kT φ
N
G (Y − y1;kT ,−kT +QT ) Γµ (kT , pT1) Γµ (−kT +QT , pT2) φ
N
G (y2;kT − pT1,−kT + pT2 +QT )
)
×
(∫
d2lT φ
N
G (Y − y1; lT ,−lT −QT ) Γµ (lT , pT1) Γµ (−lT −QT , pT2)φ
N
G (y2; lT − pT2,−lT + pT1 −QT )
)
Since QT ∼ 1/RB ≪ 1/RN as well as |QT −pT,12| ∼ 1/RD ≪ 1/RN , we can take both QT = 0 and pT,12 = 0, but
it is not sufficient to reduce Eq. (28) to Eq. (12). In addition we need to assume that α¯S (y1 − y2) ≤ 1. Making this
assumption we can replace y2 in φ
N
G (y2;kT − pT1,−kT + pT2 +QT ) by y1 and Y − y1, in φ
N
G (Y − y1; lT ,−lT −QT )
by Y − y2. After these changes Eq. (28) can be reduced to the following expression
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 8) =
d2σ
dy1 d2pT1
d2σ
dy2 d2pT2
×
∫
d2QTGD (QT ) GD
(
QT + pT,12
)
(29)
Eq. (27) and Eq. (29) lead to the same correlation function (C (RD pT,12)) Eq. (12) as in the Born approximation.
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(y , p  )
1 T1
k
− k + Q T
G(Q )
l
− l − Q T
(y , p  )
2 T2
(y , p  )
1 T1
k
− k + Q T
Y
0
T
l
(y , p  )
2 T2
− l − Q T
Q T Q T
Q   − pT T,12 Q   − pT T,12
FIG. 8: The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and pT2 for the
exchange of two BFKL Pomerons which are denoted by wavy lines. This diagram is the LLA generalization of Fig. 2-b. The
solid lines denote nucleons in the deuterons, which are represented by double lines.
B. Rc ∝ RN
In LLA the diagrams of the Born approximation of Fig. 3 can be generalized in the same way as has been discussed
above. Fig. 3-a takes the form of Fig. 9 while the interference diagram of Fig. 3-b becomes Fig. 10.
Y
0
(y , p  )
1 T1
k − k + Q T
(y , p  )
2 T2
l − l − Q T
Y
0
(y , p  )
1 T1(y , p  )
2 T2
k − k + Q T
− l − Q Tl
 Q T
 Q T
 Q T
 Q T
N(Q )T
FIG. 9: The Mueller diagram[28] for the double inclusive production of two gluons with rapidities y1 and y2 and transverse
momenta p
T1
and p
T2
, for the exchange of two BFKL Pomerons which are denoted by wavy lines. This diagram is the LLA
generalization of Fig. 3-a. The solid lines denote nucleons in the deuterons, which are illustrated by double lines.
The contribution of the diagram of Fig. 9 can be written as follows
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 9) =
(
2piα¯S
CF
)2
1
p2T,1 p
2
T2
∫
d2QT N (QT ) G
2
D (QT )
×
(∫
d2kT φ
N
G (Y − y1;kT ,−kT +QT ) φ
N
G (y1;kT − pT1,−kT + pT1 +QT )
)
×
(∫
d2lT φ
N
G (Y − y2; lT ,−lT −QT ) φ
N
G (y2; lT − pT2,−lT + pT2 −QT )
)
(30)
whereN (QT ) denotes the integral over all energies of the imaginary part of the Pomeron-nucleon scattering amplitude.
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This amplitude was introduced in Gribov’s Pomeron calculus[26], but it has been proven that we can use this formalism
in LLA of perturbative QCD[27]. N (QT ) has the following general form(see Fig. 11)
N (QT ) = g
2 (QT )︸ ︷︷ ︸
elastic scattering
+
M0∑
Mi=m
g2 (QT ;Mi)
︸ ︷︷ ︸
diffraction in lowmasses
+
∫
M0
dM2
M2
φNG (yM , QT = 0; {. . .}) G3IP (QT , {. . . })︸ ︷︷ ︸
diffraction in highmasses
(31)
where G3IP is the triple BFKL Pomeron vertex, and {. . . } denotes all transverse momenta which we need to integrate
over. yM = ln
(
M2/M20
)
.
Fig. 11-b shows how all contributions correspond to the onium case, where we can use perturbative QCD for
theoretical estimates.
Y
0
(y , p  )
1 T1
k
− k + Q Tl
− l − Q T
(y , p  )
2 T2
(y , p  )
1 T1
k
− k + Q T
Y
0
l
(y , p  )
2 T2
− l − Q T
Q T Q T
N(Q )T
Q  −  pT T,12 Q   − pT T,12
FIG. 10: The Mueller diagram for the double inclusive production of two gluons with rapidities y1 and y2 and transverse
momenta p
T1
and p
T2
, for the exchange of two BFKL Pomerons which are denoted by wavy lines. This diagram is the LLA
generalization of Fig. 3-b. The solid lines denote nucleons in the deuterons, which are illustated by double lines.
Since QT ∼ 1/RD ≪ 1.RN , and all other transverse momenta in Fig. 9 are either of the order of 1/RN or larger (
of the order of pT1,pT2 or Qs, where Qs is the saturation scale), we can safely put QT = 0 and reduce this contribution
to the factorized form:
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 9) =
d2σ
dy1 d2pT1
d2σ
dy2 d2pT2
N (QT = 0)
∫
d2QTGD (QT ) (32)
The contribution of the relevant diagram, which is shown in Fig. 10, can be written in the form:
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 10) =
1
2
(
2piα¯S
CF
)2 ∫
d2QTN (QT ) GD
(
QT − pT,12
)
×
(∫
d2kT φ
N
G (Y − y1;kT ,−kT +QT ) Γµ (kT , pT1) Γµ (−kT +QT , pT2) φ
N
G (y2;kT − pT1,−kT + pT2 +QT )
)
×
(∫
d2lT φ
N
G (Y − y1; lT ,−lT −QT ) Γµ (lT , pT1) Γµ (−lT −QT , pT2)φ
N
G (y2; lT − pT2,−lT + pT1 −QT )
)
(33)
Integration over QT leads to QT − pT,12 ∼ 1/RD ≪ 1/RN and, therefore, as in the Born approximation we can
put QT = pT,12. In Eq. (33) we have two sources of pT,12 behavior: N (pT,12) and φ
N
G . Replacing QT = pT,12 we
obtain
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d2σ
dy1 dy2d2pT1d2pT2
(Fig. 10) =
1
2
(
2piα¯S
CF
)2 ∫
d2QTN (pT,12) GD
(
QT − pT,12
)
×
(∫
d2kT φ
N
G
(
Y − y1;kT ,−kT + pT,12
) 1
k2T
(
kT − pT,12
)2 (
kT − pT,1
)4φNG (y2;kT − pT1,−kT + pT1)
×
{(
kT − pT,12
)2 (
kT − pT,1
)2
p2T2
+
k2T
(
kT − pT,1 − pT,12
)2
p1T2
− p2T,12 − p
2
T,12
k2T
(
kT − pT,12
)2
p1T2p
2
T,2
})
×
(∫
d2lT φ
N
G
(
Y − y1; lT ,−lT − pT,12
) 1
l2T
(
lT + pT,12
)2 (
lT − pT,2
)4φNG (y2; lT − pT2,−lT + pT2)
×
{(
lT + pT,12
)2 (
lT − pT,1
)2
p2T2
+
l2T
(
lT − pT,2
)2
p1T2
− p2T,12 − p
2
T,12
l2T
(
lT + pT,12
)2
p1T2p
2
T,2
})
(34)
The products of GµGµ are written in Eq. (34) {. . . } explicitly using Eq. (6), and φ
N
D are the solution of Eq. (25).
Recall that φND (kT ,−kT +QT ) vanishes both at kT → 0 and kT −QT → 0. Since the products of Gµ vanish at
kT − pT1 → 0 or lT − pT2 → 0, respectively, we can conclude that the integrals over kT and lT do not have large
contributions at kT of the order of pT1, and at lT of the order of pT2.
= + +N(Q )T
g(Q )T
elastic contribution low mass diffraction
large mass diffraction
a)
QT
kT l
QT
T
=
QT
T
+
QT
T
+
QT
=
b)
FIG. 11: The structure of the amplitude N (QT ): Fig. 11-a for the BFKL Pomeron-nucleon interaction and Fig. 11-b for the
BFKL Pomeron-onium interactions. The blob shows the triple BFKL Pomeron vertex which is the same for both figures. The
dashed vertical lines describe the Coulomb gluons that create the bound state: onium.
In the appendix we show that the typical value ofQT for the BFKL Pomeron φ
N
G (Y ; k
′
T , kT , QT ) is determined by the
smallest value of transverse momentum QT ∼ min{k;T , kT }. In our case this means that QT = pT,12 ∼ 1/RN ≫ pT1
and/or pT2.
Therefore, we can re-write Eq. (34) as follows:
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 10) =
1
2
(
2piα¯S
CF
)2
1
p2T1 p
2
T2
∫
d2QTN (pT,12) GD
(
QT − pT,12
)
×
(∫
d2kT φ
N
G (Y − y1;kT ,−kT ) φ
N
G (y2;kT − pT1,−kT + pT1)
)
×
(∫
d2lT φ
N
G (Y − y1; lT ,−lT ) φ
N
G (y2; lT − pT2,−lT + pT2)
)
(35)
In Eq. (35) we introduce φNG (kt,−kT ) = (1/k
2
T )φ
N
G (kt,−kT ) (Eq. (34)). Comparing Eq. (32) and Eq. (35), one can
see that the correlation function is equal to
C
(
R2N p
2
T,12
)
= N
(
p212
)
(36)
for α¯S(y1 − y2) ≤ 1.
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The three terms of N (QT ) are shown in Fig. 11-a. The first contribution N (QT ) = g
2 (QT ), can easily be
evaluated from the differential elastic cross section, which is proportional to g4 (QT ). Recall, that the BFKL Pomeron
does not generate the shrinkage of the diffraction peak seen in the experimental data. This indicates that the
exchange of the single BFKL Pomeron is not sufficient to describe the high energy amplitude, and we need to use
a more phenomenological approach to describe the elastic contribution to the correlation function (see Ref.[4] in
which we tried to describe these correlations using a particular model for high energy scattering, which is based on
CGC/saturation approach).
For the onium, g (QT ) can be calculated (see Fig. 11-b and Eq. (B5)) in the following way
g (QT ) = V
onium (QT ) =
∫
d2k′T IP (kT ,−k
′
T +QT )V
pr (k′T ,QT )
=
∫
d2k′T (F (QT )− F (2k
′
T −QT )) V
pr
1
2
(
k′T ,QT
)
(37)
where V pr is determined by Eq. (B4). In Eq. (37) k′T ∼ 1/RN ≪ kT . Assuming that F (QT ) of Eq. (14) is equal to
1/
(
1 +R2N Q
2
T
)
, we find that at large QT , g (RN QT ) decreases as 1/QT .
The second term of Fig. 11-b can be evaluated from the process of diffraction dissociation in the region of small
masses. However, we need to use a model for this term to be able to extract its QT dependence from the experimental
data. For example, we can replace the sum of possible produced diffractive states by one state, as has been done in
Ref.[4]. For the onium state this term has the following form
Ndiff (QT ) =
∫
d2k′T
∫
d2l′T IP (kT , lT ,−lT +QT ,−kT +QT ) V
pr (k′T ;QT ) V
pr (l′T ;QT ) (38)
where IP is taken from Eq. (15).
Using Eq. (B4) we calculate Ndiff (QT ) which decreases as 1/Q
2
T at large QT .
C. Rc ∝ 1/Qs
The last term in Fig. 11-a, gives the contribution of large mass production in the diffraction dissociation process.
The QT dependence of this term, is determined by the triple BFKL Pomeron vertex in perturbative QCD (see Fig. 12).
Therefore, this term generates correlations, whose length is determined by the BFKL Pomeron structure, and it is
closely related to the typical saturation momentum Qs.
(y , p  )
1 T1
Y
N(Q )T
k
− k + Q T
0
l
(y , p  )
2 T2
− l − Q T
Q  −  pT T,12 Q   − pT T,12
Q T
Q T
Q   = 0T
y’
Y
N(Q )T
k
− k + Q T
0
l
(y , p  )
2 T2
− l − Q T
Q  −  pT T,12 Q   − pT T,12
Q T Q T
Q   = 0T
y’
a) b)
FIG. 12: The large mass diffraction contribution to N (QT ): the source for the correlation length of about 1/Qs. The blue blob
denotes the triple BFKL Pomeron vertex. The red square indicates the contribution of N (QT ), which includes the integration
over rapidity y′.
Comparing Fig. 12 with Fig. 9 and Fig. 10, one can see that the difference is only in expression for N (QT ) which
has the following form
Nlargemass diffraction (QT ) =
∫
d y′ φNG (Y − y
′;QT = 0; qT , q
′
T ) d
2q′TG3IP (q
′
T ; k
′
T , l
′
T , QT ) (39)
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We can obtain the form ofG3IP in momentum space starting from the coordinate representation, where the contribution
of the triple Pomeron diagram of Fig. 13 is known[29, 30]:
α¯S
∫
d2x0 d
2x1 d
2x2
x201 x
2
02 x
2
21
N (x′01, x01; b− b
′;Y − y′) N
(
x′02, x02; b
′ −
1
2
x21; y
′ − y1
)
N
(
x′21, x21; b
′ −
1
2
x02; y
′ − y2
)
(40)
Introducing[18]
N (x01, b;Y ) = x
2
01
∫
d2kd2QT e
ikT ·x01 + iQT ·bN (kT , QT ) (41)
we see that Eq. (40) can be re-written in the form
α¯S
∫
d2q′T N (qT , q
′
T , QT = 0, Y − y
′) G3IP (q
′
T ; k
′
T , l
′
T , QT )N (k
′
T , kT , QT , y
′ − y1) N (l
′
T , lT ,−QT , y
′ − y2) (42)
with
G3IP (q
′
T ; k
′
T , l
′
T , QT ) = δ
(2)
(
k′T − q
′ +
1
2
QT
)
δ(2)
(
l′T − q
′ −
1
2
QT
)
(43)
Y −q
k’ 
k l
q 
y’
y y1 2
N(k’ ,k; Q ; y’ − y )
N(q’ ,q ;Y − y’)
N(l’, l ; −Q ;y’ − y )
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Y x ’ 1
x  0 x  1
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FIG. 13: The triple BFKL Pomeron vertex in coordinate and momentum representations. The blue blob denotes the triple
Pomeron vertex
In Eq. (39) we use the following notation for φNG (Y − y
′;QT = 0; ki, kf ): Y −y
′ is the rapidity, QT is the momentum
transfer of the BFKL Pomeron, ki and kf are initial and final transverse momenta. Plugging Eq. (43) in the general
expression for the interference diagram of Fig. 12-b, we see that instead of Eq. (34) we obtain
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 12− b) =
1
2
(
2piα¯S
CF
)2 ∫
d2QTGD
(
QT − pT,12
) ∫
d y′
∫
φNG (Y − y
′;QT = 0; qT , q
′
T ) d
2q′T
×
(
GBFKL
(
y′ − y1; pT,12; q
′
T −
1
2
pT,12, kT
)
1
k2T
(
kT − pT,12
)2 (
kT − pT,1
)4GBFKL (y2; 0;kT − pT1, kN )
×
{(
kT − pT,12
)2 (
kT − pT,1
)2
p2T2
+
k2T
(
kT − pT,1 − pT,12
)2
p1T2
− p2T,12 − p
2
T,12
k2T
(
kT − pT,12
)2
p1T2p
2
T,2
})
×
(∫
d2lT G
BFKL
(
y′ − y1; pT,12, q
′
T +
1
2
pT,12, lT
)
1
l2T
(
lT + pT,12
)2 (
lT − pT,2
)4GBFKL (y2; 0; lT − pT2, lN )
×
{(
lT + pT,12
)2 (
lT − pT,1
)2
p2T2
+
l2T
(
lT − pT,2
)2
p1T2
− p2T,12 − p
2
T,12
l2T
(
lT + pT,12
)2
p1T2p
2
T,2
})
(44)
The main difference between Eq. (44) and Eq. (34), is that q′T is larger than qT ≈ 1/RN . Indeed, the typical value
of q′T = Qs (Y − y
′) ∼
(
1/R2N
)
exp (λ (Y − y′)), where λ = ω (γcr, 0) /(1 − γcr with γcr = 0.37 in leading order of
perturbative QCD [18],
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From Eq. (A16) one can see that each φND(Y −y
′) ∝ eω(
1
2
,0) (Y−y′), φND(y
′−y1) ∝ e
ω( 12 ,0) (y
′−y1), and φND(y
′−y2) ∝
eω(
1
2
,0) (y′−y2), since γ = 12 + iν with small ν. Therefore, integration over y
′ results in Y − y′ ∼ 1/ω
(
1
2 , 0
)
∝ 1/α¯S
while y′ − y1 and y
′ − y2 are large (of the order of Y ). Since Y − y
′ ≪ y′ − y1(Y − y
′ ≪ y′ − y2) we can use the
factorized formula of Eq. (A15) for φNG
(
y′ − y1; pT,12; q
′
T −
1
2pT,12, kT
)
and for φNG
(
y′ − y1; pT,12, q
′
T +
1
2pT,12, lT
)
.
Using Eq. (A15) we find that pT,12 will be determined by the lowest momenta in the BFKL Pomeron with y
′ − y1,
and it will have the form
C (pT,12) ∝
∫
d2q′T I−γ (q
′
T ) Vγ
(
q′T −
1
2
QT ,QT
)
Vγ
(
q′T +
1
2
QT ,QT
)
(45)
where V is determined by Eq. (A12), and QT = pT,12. In Eq. (45) we can put γ =
1
2 , assuming y
′ − y1 is suffiently
large, that we can neglect ν.
IV. BOSE-EINSTEIN CORRELATION FUNCTION IN THE NUCLEON-NUCLEON INTERACTION
In this section we discuss the Bose-Einstein correlations in nucleon-nucleon scattering. The Mueller diagrams for
the square of the diagrams Fig. 1-a and Fig. 1-b, and for the interference diagrams, are shown in Fig. 14. This differs
from the diagrams that have been discussed above, only in the appearance of the second N (QT ), which reflects the
fact that we do not have small ( about 1/RD) momenta in this process. Note, we can use perturbative QCD only
if pT1 ∼ pT2 ≫ 1/RN . Recalling that the QT dependence of the BFKL Pomeron is determined by the smallest
transverse momentum, we conclude that in Fig. 14 the QT dependence is determined by the function N (QT ). For
the first two contributions to N (QT ) (see Fig. 11-a), this is accurate to the order of 1/ (RN pT1). For the third
contribution of the large mass diffraction, the accuracy is about Qs/pT1, where Qs denotes the saturation momentum
of the BFKL Pomeron with rapidity Y − y′.
In spite of the fact that we indicate in Fig. 11-a the sources of experimental information on each contribution,
the situation turns out to be more complicated. As an example, we discuss the elastic contribution. This gives
N (QT ) = g
2 (QT ), where g (QT ) is the Pomeron-hadron vertex. At first sight we can extract this vertex directly
from the experimental values of dσel/dt. However, this is certainly not correct. Indeed, the BFKL Pomeron cannot
explain the shrinkage of the diffraction peak which is seen experimentally, and which gives almost a half of the slope
of the elastic cross section for the energy rangeW = 40 − 7000GeV [32]. In the only model[33] for the soft interaction
at high energy that is based on the BFKL Pomeron and Colour Glass Condensate (CGC) approach[34, 35], the
effective shrinkage of the diffraction peak stems from strong shadowing corrections, which lead to an elastic amplitude
that is different from that for the exchange of the BFKL Pomeron. However, it turns out that the most essential
shadowing corrections originate from the BFKL Pomeron interaction of two scattering hadrons. Such corrections do
not contribute to the inclusive cross sections, as well as to the correlation due to AGK cutting rules[20].
It turns out to be an even more complicated problem to extract from the experimental data, the diffraction
contribution to N (QT ) in the region of small masses. The lack of a theory, as well as insufficient experimental
data, especially of the momentum transfer distribution of the diffractively produced state with fixed mass, lead to the
necessity of modeling this process. The two extreme cases of such a modeling illustrates the difficulties: in our model
[33] the rich variety of the produced states were replaced by a single state: and in the constituent quark model[36] the
small mass diffraction stems from production of the state of free three constituent quarks. In our model the typical
slope for gdiff (QT ) ∝ exp
(
−BQ2T
)
turns out to be 1/4 from the elastic slope, while in the CQM the size of the
constituent quark is very small.
Taking the above into consideration, the uncertainties in the large mass diffraction term look small, and for
the triple BFKL Pomeron vertex, both the value and transverse momenta dependence follow directly from the
Balitsky-Kovchegov equation[34]. Bearing this in mind, we can write the expression for the interference dia-
gram of Fig. 14, for the large mass diffraction contribution ( see Fig. 11). As we have discussed in this case
QT ∼ Qs (Y − y
′) ≪ min
{
pT1(pT2), Qs (y
′ − y1)
}
, |QT − pT,12| ∼ Qs (Y − y
′) ≪ min
{
pT1(pT2), Qs (y
′ − y1)
}
,
and k′T ∼ min
{
pT1(pT2), Qs (y
′ − y1)
}
( l′T ∼ min
{
pT1(pT2), Qs (y
′ − y1)
}
). Hence, we can use the factorized form
for φGN given by Eq. (A15) and Eq. (A16).
Finally, the large mass contribution for the interference diagram takes the form
15
N(Q )
(y , p  )
1 T1
k
− k + Q T
Y
0
l
(y , p  )
2 T2
− l − Q T
Q T Q T
T
Q  −  pT T,12 Q   − pT T,12
(y , p  )
1 T1
(y , p  )
1 T1
k − k + Q T
Y
0
l
(y , p  )
2 T2
− l − Q T
Q T Q T
Q  −  pT T,12 Q   − pT T,12
(y , p  )
1 T1
(y , p  )
2 T2
TN(Q )
FIG. 14: The Mueller diagram for the double inclusive production of two gluons with rapidities y1 and y2 and transverse
momenta p
T1
and p
T2
in the nucleon-nucleon interaction. The BFKL Pomerons are denoted by wavy lines. The first dia-
gram corresponds to the square of the amplitude for two parton showers production, while the second diagram describes the
interference.
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 14, interference diagram) =
1
2
1
N2c − 1
(
2piα¯S
CF
)2
1
p2T1 p
2
T2
∫
d y′
∫
φNG (Y − y
′;QT = 0; qN , q
′
T )∫
d2q′T d
2kTG
BFKL
(
y′ − y1;QT ; q
′
T −
1
2
QT , kT
) ∫
dy′′GBFKL
(
y2 − y
′′;QT − pT,12;kT − pT1,m
′
T −
1
2
(
QT − pT,12
))
×
∫
d2lT d
2m′T G
BFKL
(
y′ − y1;QT , q
′
T +
1
2
QT , lT
)
GBFKL
(
y2 − y
′′;QT − pT,12; lT − pT2,m
′
T +
1
2
(
QT − pT,12
))
× φNG (y
′′;QT = 0;mN ,m
′
T ) (46)
In the diagram for the square of the amplitude we can put pT,12 = 0. Thus, the correlation function with the
correlation length of the order of 1/Qs (Y − y
′), takes the following form
C (pT,12/Qs) =
1
2
1
N2c − 1
N
D
(47)
where
N =
∫
d2QT
∫
d y′
∫
φNG (Y − y
′;QT = 0; qN , q
′
T )∫
d2q′T d
2kTG
BFKL
(
y′ − y1;QT ; q
′
T −
1
2
QT , kT
) ∫
dy′′GBFKL
(
y2 − y
′′;QT − pT,12;kT − pT1,m
′
T −
1
2
(
QT − pT,12
))
×
∫
d2lT d
2m′T G
BFKL
(
y′ − y1;QT , q
′
T +
1
2
QT , lT
)
GBFKL
(
y2 − y
′′;QT − pT,12; lT − pT2,m
′
T +
1
2
(
QT − pT,12
))
× φNG (y
′′;QT = 0;mN ,m
′
T ) (48)
and
D =
∫
d2QT
∫
d y′
∫
φNG (Y − y
′;QT = 0; qN , q
′
T )∫
d2q′T d
2kTφ
N
G
(
y′ − y1;QT ; q
′
T −
1
2
QT , kT
) ∫
dy′′ φNG
(
y2 − y
′′;QT − pT,12;kT − pT1,m
′
T −
1
2
QT
)
×
∫
d2lT d
2m′T φ
N
G
(
y′ − y1;QT , q
′
T +
1
2
QT , lT
)
φNG
(
y2 − y
′′;QT ; lT ,m
′
T +
1
2
QT
)
× φNG (y
′′;QT = 0;mN ,m
′
T ) (49)
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The rather long algebraic expression of Eq. (48) and Eq. (49) can be simplified using Eq. (A17) and they take the
following forms
N =
∫
d2QT
∫
dy′e2ω(
1
2
,0) y′ d2q′Tφ
N
G (Y − y
′;QT = 0; qN , q
′
T )
V 1
2
(
q′T ,QT −
1
2pT,12
)
V 1
2
(
q′T ,QT +
1
2pT,12
)
|QT −
1
2pT,12| |QT +
1
2pT,12|
×
∫
dy′′e2ω(
1
2
,0) y′′ d2l′Tφ
N
G (y
′′;QT = 0; lN , l
′
T )
V 1
2
(
l′T ,QT
)
V 1
2
(
l′T ,QT
)
Q2T
(50)
D =
∫
d2QT
∫
dy′e2ω(
1
2
,0) y′ d2q′Tφ
N
G (Y − y
′;QT = 0; qN , q
′
T )
V 1
2
(
q′T ,QT
)
V 1
2
(
q′T ,QT
)
Q2T
×
∫
dy′′e2ω(
1
2
,0) y′′ d2l′Tφ
N
G (y
′′;QT = 0; lN , l
′
T )
V 1
2
(
l′T ,QT
)
V 1
2
(
l′T ,QT
)
Q2T
(51)
V. α¯S (y1 − y2) ≫ 1
All our previous estimates were performed for small rapidity difference: α¯S |y1− y2| ≤ 1. In this section we discuss
large rapidity differences (α¯S |y1 − y2| ≥ 1). For simplicity, we consider only correlations with the typical length of
the order of RD. In other words, we discuss the generalization of Fig. 7 and Fig. 8 to the case of large y12 = |y1− y2|.
This generalization is shown in Fig. 15 for the interference diagrams. The new features here are that at rapidity
y′1 < y1, we need to emit an additional gluon, and integrate over both its rapidity (y
′
1) and its transferred momentum
(p′T1). Indeed, without this emission the ladder between rapidities y
′
1 and y
′
2 in Fig. 15-b will be in the octet state
of color SU3. The main idea is, that the principle contribution stems from p
′
T1 ≪ pT1. In this case the BFKL
Pomeron between rapidities y′1 and y
′
2 has the momentum transfer which is equal to pT1. After emission of two extra
gluons with rapidities y′2 and y2, we obtain that the lower BFKL Pomeron, that has momentum transfer pT,12, as in
Fig. 8-b. In this diagram QT ∝ 1/RD, and can be put equal to zero in all parts of the diagrams, except of G (QT )
and G
(
QT − pT,12
)
.
− k + Q Tl − l − Q Tk
(y’ , p’  )1 T1
(y , p  )1 T1
(y , p )2 T2
(y’ , p’  )2 T2
Y
0
Y
0
G(Q )
− k + Q T
T
− l − Q T
Q T Q T
Q   − pT T,12
l
Q   − pT T,12
(y , p  )2 T2
(y’ , p’  )2 T2
k(y , p  )1 T1
(y’ , p’  )1 T1
a) b)
q m
FIG. 15: The double inclusive production of two gluons with rapidities y1 and y2 in the case of large |y1−y2| ( α¯S |y1−y2| ≫ 1)
and transverse momenta p
T1
and p
T2
, for the exchange of two BFKL Pomerons which are denoted by wavy lines. This diagram
is the LLA generalization of Fig. 8. The solid lines denote nucleons in the deuterons, which are illustrated by double lines.
Note, that the ladder, shown in Fig. 15-b, represents the BFKL Pomeron with the momentum transferred pT1 +p
′
T1 ≈ pT1 for
p′T1 ≪ pT2 (see the text).
First, we need to integrate over p′T1. The vertex of the emission is shown in Fig. 16 which can be written as
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α¯2S Γµ (kT ,pT1) Γµ (lT ,pT1)
1
k′2T l
′2
T
Γν
(
k′T ,pT1
)
Γν
(
l′T ,pT1
) 1
k′′2T l
′′2
T
(52)
with k′T = kT −pT1 and k
′′
T = k
′
T −p
′
T1 = kT −pT1−p
′
T1. Plugging in Eq. (5),Eq. (6) andEq. (26) one can see that
Eq. (52) takes the form
α¯2S
∫
d2p′T1
1
p2T1
{
k2T
k′2T
+
l2T
l′2T
−
p2T1
k′2T l
′2
T
}
1
p′2T1
{
k′2T
k′′2T
+
l′2T
l′′2T
−
p′2T1
k′′2T l
′′2
T
}
(53)
p′T1≪k
′
T (l
′
T )−−−−−−−−→ 2 α¯2S
∫ k′T d2p′T1
p′2T1
[
1
p2T1
{
k2T
k′2T
+
l2T
l′2T
−
p2T1
k′2T l
′2
T
}]
= 2 α¯2S
∫ min{k′T ,l′T } d2p′T1
p′2T1
K
(
kT − lT ,kT ,k
′
T
)
Note that the term
[
. . .
]
is the same as in Fig. 8 and K
(
kT − lT ,kT ,k
′
T
)
is given by Eq. (26).
lk − l
(y , p  )1 T1
(y’ , p’  )1 T1
k’
k’’
− l
− l
FIG. 16: The part of the diagram of Fig. 15-a with the vertex of emission of two gluons.
Finally, we obtain the following expression for the interference diagram of Fig. 16
d2σ
dy1 dy2d2pT1d2pT2
(Fig. 15− b) = 2
(
2piα¯S
CF
)2
α¯2S
∫
d2QTGD (QT ) GD
(
QT − pT,12
)
×
∫
d2kT
∫
d2lT φ
N
G (Y − y1;kT ,−kT ) φ
N
G (Y − y1; lT ,−lT )∫ min{k′T ,l′T } ∫ y1
dy′1
d2p′T1
p′2T1
K
(
kT − lT ,kT ,k
′
T
) ∫
y2
dy′2
∫ min{q′T ,m′T } d2p′T2
p′2T2
K (qT −mT , qT , q
′
T )∫
d2qT
∫
d2mT G
BFKL (y′1 − y
′
2;pT1;k
′
T − p
′
T1, q
′
T + p
′
T2)G
BFKL
(
y′1 − y
′
2;−pT1; l
′
T − p
′
T1,m
′
T + p
′
T2
)
φNG (y2; qT − pT1,−qT + pT2) φ
N
G (y2;mT ,−mT ) (54)
In Eq. (54) we put QT = 0 everywhere, except in GD (QT ) and GD
(
QT − pT,12
)
, since QT ∼ 1/RD ≪ all other
momenta. At first sight Eq. (54) gives the cross section which is suppressed as α¯2S in comparison with Eq. (28).
However, the integration over y′1 and y
′
2 leads to 1/α¯
2
S contributions, resulting in a cross section of the order of α¯
2
S .
One can also see, that the cross section does not depend on the rapidity difference y12 for the large values of this
difference.
The generalization to other cases, which we have considered above, is straightforward, and we not discuss it here.
VI. CONCLUSIONS
A. Comparison with other estimates in perturbative QCD
The first estimate of the azimuthal correlations due to the Bose-Einstein correlation in perturbative QCD, was
performed in Ref.[2] (see also Ref.[3]). The diagrams, that were considered in these papers, are shown in Fig. 17-a.
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The observation is that these diagrams give rather strong azimuthal correlations, but they are symmetric with respect
to φ→ pi−φ, and only generate vn with even n. The general origin of this symmetry was discussed in section II-B for
slightly different diagrams. In Refs.[2, 3] the QT dependence was neglected leading to δ-function contributions, which
were smeared out by QT dependance, with QT ∼ 1/R, where R is the size of the interacting dipoles in Fig. 17-a.
k1
k2
l
k1 − l
l
k1 − l
l
l
k2 − l
k2 − l
k1
k2
l
k1 − l
−l
k1 − l
l
−l
k2 + l
k2 + l
2
(y , k   )1 T1
(y , k   )2 T2
Fig. 17-a Fig. 17-b
FIG. 17: Fig. 17-a is taken from Ref.[2] and describe the correlation in a one parton shower (see Fig. 17-b).
Since Fig. 17-a describes the production of two identical gluons in the dipole-dipole amplitude, in the Born approx-
imation of perturbative QCD, these diagrams are responsible for the azimuthal correlations in one parton cascade
shown in Fig. 17-b. It is worthwhile mentioning that the diagram of Fig. 17-a leads to a contribution which is
proportional to exp
(
−ω
(
1
2 , 0
)
y12
)
and describes the correlations that decrease for large y12. Therefore, only for
ω
(
1
2 , 0
)
y12 ≪ 1, can we consider this diagram as a source of correlations which are independent of y12.
Y
0
m
l
ml
k  − l1
k  − l2
Q  −  kT T,12
Q T
l
k  − l1
l
k  − l2(y , k  )1 T1
(y , k  )2 T2
(y ,k  )2 T2
(y ,k  )1 T1
FIG. 18: The generalized diagram of Fig. 17-a, taking into account the gluon emission (two parton shower contribution).
Taking into account the emission of gluons, we can generalize the diagram of Fig. 17-a to the diagram of Fig. 18.
We have considered this diagram above, and have shown that there is no symmetry with respect of φ→ pi−φ in such
diagrams. Therefore, we conclude that the symmetry φ→ pi− φ, is a feature of the azimuthal correlations in the one
parton shower, in the Born approximation of perturbative QCD.
B. Summary
In this paper, we found within the framework of perturbative QCD, that the Bose-Einstein correlations due to
two parton shower production, induce azimuthal angle correlations, with three correlation lengths: the size of the
deuteron, the proton radius, and the size of the BFKL Pomeron which is closely related to the saturation momentum
(Rc ∼ 1/Qs). These correlations are independent of the values of rapidities of produced gluons (long range rapidity
correlations), and have no symmetry with respect to φ→ pi− φ (pT1 → −pT1). Therefore, they give rise to vn for all
values of n, not only even values.
We reproduce the result of Refs.[2, 3] which show this symmetry in the Born approximation of perturbative QCD.
However, even in the Born approximation, this symmetry depends on the amplitude of the gluon - nucleon interaction
at large distances, of about the nucleon size and, therefore, it inherently has a non-perturbative nature. Replacing
the nucleon by an onium: the quark-antiquark bound state of heavy quarks, we see that symmetry φ → pi − φ
(pT1 → −pT1), does not hold for distances of the order of the size of the onium.
We demonstrated that the azimuthal correlations with the correlation length (Rc) of about the size of the deuteron,
and the size of nucleon, stem from a non-perturbative contribution, and their estimates demand a lot of modeling due
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to the embryonic state of the theory in the non-perturbative region. However, the correlations with Rc ∼ 1/Qs have
a perturbative origin, and can be evaluated in the framework of the Colour Gluon Condensate (CGC) approach.
We show that the two parton showers contributions, generate long range rapidity azimuthal angle correlations,
which intuitively have been expected. In other words, we demonstrate that the azimuthal angle correlations do not
depend on y12 = |y1−y2| for large values of y12 (α¯S y12 ≥ 1). We illustrate that the correlation of Refs.[2, 3], actually
describe the correlations in a one parton shower, and can be viewed, as independent of the rapidity difference, only
in the narrow rapidity window α¯Sy12 ≪ 1.
Acknowledgements We thank our colleagues at Tel Aviv University and UTFSM for encouraging discussions.
Our special thanks go to Carlos Cantreras, Alex Kovner and Michel Lublinsky for elucidating discussions on the
subject of this paper.
This research was supported by the BSF grant 2012124, by Proyecto Basal FB 0821(Chile) , Fondecyt (Chile) grant
1140842, and by CONICYT grant PIA ACT1406.
Appendix A: QT dependence of the BFKL Pomeron
The impact parameter dependence of the BFKL Pomeron is well known[22], and it has the following form for the
scattering of two dipoles (r1 and r2 ) at impact parameter b[22, 23]:
NIP (r1, r2;Y, b) =
∫
dγ
2 pi i
eω(γ,0)Y Hγ (w,w∗) (A1)
where
ω(γ, 0) = α¯S (2ψ(1)− ψ(γ)− ψ(1− γ)) (A2)
and where ψ(z) is the Euler ψ(z) = d ln Γ (z) /dz (digamma function) (see Ref.[31] formula 8.360 - 8.367).
Hγ (w,w∗) ≡
(γ − 12 )
2
(γ(1− γ))2
{
bγ w
γ w∗γ F (γ, γ, 2γ, w) F (γ, γ, 2γ, w∗) +
b1−γw
1−γw∗1−γF (1− γ, 1− γ, 2− 2γ, w) F (1− γ, 1− γ, 2− 2γ, w∗)
}
(A3)
ww∗≪ 1
−−−−−−→
(γ − 12 )
2
(γ(1− γ))2
{
bγ w
γ w∗γ + b1−γw
1−γw∗1−γ
}
(A4)
where F ≡ 2F1 is hypergeometric function [31]. In Eq. (A3) ww
∗ is equal to
ww∗ =
r21 r
2
2(
b− 12 ( r1 − r2)
)2 (
b + 12 ( r1 − r2)
)2 (A5)
and bγ is given by
bγ = pi
3 24(1/2−γ)
Γ (γ)
Γ (1/2− γ)
Γ (1− γ)
Γ (1/2 + γ)
. (A6)
From Eq. (A3) and Eq. (A5) we see that (i) b is about of the size of the largest dipole (b ∼ r2 for r2 ≫ r1); and (ii)
the scattering amplitude has a symmetry with respect to b → −b. QT is the conjugated variable to b, since
NIP (r1, r2; b;Y ) = r
2
1r
2
2
∫
d2k d2k′eikT ·r1 + ik
′
T ·r2
∫
d2QT e
iQT ·bGBFKL (Y ;QT ; k
′
T , kT ) (A7)
we see that the value of typical QT ∝ 1/r2 ≈ 1/RN . In Eq. (A7) G
BFKL (y − y′;QT ; k
′
T , kT ) denotes the BFKL
Pomeron Green’s function with the momentum transferred QT , and the transverse momenta of gluons kT at y and
k′T at y’. The initial condition for the BFKL Green’s function is the exchange of two gluons at y = y
′.
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In Eq. (A7), the value of r1 in our problem, is about 1/pT1 or 1/pT2, and we trust perturbative QCD calculations
only if pT1 ∼ pT2 ≫ 1/RN . Since r1 ≪ r2 we can use Eq. (A4) and take ww
∗ to be equal to
ww∗ =
r21 r
2
2(
b− 12r2
)2 (
b + 12r2
)2 (A8)
Bearing in mind that
Iγ (k) =
∫
d2r
(r2)
γ e
ik·r = 21−2γ
Γ (1− γ)
Γ (γ)
1
(k2)
1−γ (A9)
Plugging Eq. (A9) in Eq. (A7) we obtain
GBFKL (γ;QT ;k
′
T ,kT ) =
(
γ − 12
)2
(γ(1− γ))
2
×
{
bγ
∫
d2m′T I1−γ (k
′
T −m
′
T ) Iγ
(
m′ −
1
2
QT
)
Iγ
(
m′ +
1
2
QT
)
I1−γ (kT )
+ b1−γ
∫
d2mT Iγ (k
′
T −mT ) I1−γ
(
m−
1
2
QT
)
I1−γ
(
m+
1
2
QT
)
Iγ (kT )}
}
(A10)
The integrals over m′ can be taken by replacing vector variables by the complex coordinates[22]
k → ρk = kx + i ky; ρ
∗
k = kx − i ky; (A11)
where kx and ky denote the x and y projections of k. Using formula 3.197(1) of Ref.[31] we can take integrals over
d2m′ = dρm′ dρ
∗
m′ :
Vγ
(
k′T ,QT
)
=
∫
d2m′T I1−γ (k
′
T −m
′
T ) Iγ
(
m′ −
1
2
QT
)
Iγ
(
m′ +
1
2
QT
)
=∫
dρm′ dρ
∗
m′I1−γ ((ρk − ρm′(ρ
∗
k − ρ
∗
m′)) Iγ
(
(ρm′ +
1
2
ρQ)(ρ
∗
m′ +
1
2
ρ∗Q)
)
Iγ
(
(ρm′ −
1
2
ρQ)(ρ
∗
m′ −
1
2
ρ∗Q)
)
= 22−4γΓ4 (1− γ)
1((
kT −
1
2QT
)2)γ 1(Q2T )1−2γ F
(
γ, γ, 1,
ρk +
1
2ρQ
ρk −
1
2ρQ
)
F
(
γ, γ, 1,
ρ∗k +
1
2ρ
∗
Q
ρ∗k −
1
2ρ
∗
Q
)
(A12)
=
(
9.131(1) of Ref.[31]
)
22−4γΓ4 (1− γ)
1
(Q2T )
γ F
(
γ, 1− γ, 1,
ρk + ρQ
ρQ
)
F
(
γ, 1− γ, 1,
ρ∗k + ρ
∗
Q
ρ∗Q
)
(A13)
=
(
9.132(2) of Ref.[31]
)
22−4γΓ4 (1− γ)
1(
(kT +QT )
2
)γ (A14)
×
{
Γ (1− 2γ)
Γ2 (1− γ)
F
(
γ, γ, 2γ,
ρQ
ρk + ρQ
)
+
(
ρQ
ρk + ρQ
)1−2γ
Γ (−1 + 2γ)
Γ2 (1γ)
F
(
1− γ, 1− γ, 2(1− γ),
ρQ
ρk + ρQ
)}
×
{
Γ (1− 2γ)
Γ2 (1− γ)
F
(
γ, γ, 2γ,
ρ∗Q
ρ∗k + ρ
∗
Q
)
+
(
ρ∗Q
ρ∗k + ρ
∗
Q
)1−2γ
Γ (−1 + 2γ)
Γ2 (1γ)
F
(
1− γ, 1− γ, 2(1− γ),
ρ∗Q
ρ∗k + ρ
∗
Q
)}
Plugging Eq. (A11) in Eq. (A10) one can see that φNG (γ,k
′
T ,kT ,QT ) can be written in the factorized form:
GBFKL (γ;QT ;k
′
T ,kT ) = Vγ
(
k′T ,QT
)
Iγ (kT ) + V1−γ
(
k′T ,QT
)
I1−γ (kT ) (A15)
φNG in the rapidity representation can be calculated as
GBFKL (Y ; ,QT ;k
′
T ,kT ) =
∫ ǫ+i∞
ǫ−i∞
dγ
2pii
eω(γ,0)Y GBFKL (γ,k′T ,kT ,QT ) (A16)
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Taking the integral over γ in Eq. (A16) by the method of steepest descend [18], we see that for large Y ≫ 1 the
essential γ = 12 + iν, where ν is small. Bearing this in mind, we can see from Eq. (A13) that at large QT ≫ k
′
T ,
GBFKL (Y ; ,QT ;k
′
T ,kT ) ∝ 1/
(
Q2T
)γ
≈ 1/QT . AtQT → 0QT ≫ k
′
T G
BFKL (Y ; ,QT ;k
′
T ,kT ) → Const. Therefore,
we conclude that the typical value QT in the BFKL Pomeron, is about k
′
T : the smallest transverse momenta.
At large Y we can simplify Eq. (A16) using Eq. (A15) and the small size of ν. Plugging GBFKL (Y ; ,QT ;k
′
T ,kT )
from Eq. (A15) in Eq. (A16), we have
GBFKL (Y ;QT ;k
′
T ,kT ) =
∫ ǫ+i∞
ǫ−i∞
dγ
2pii
eω(γ,0)Y 2V 1
2
+iν
(
k′T ,QT
)
Iγ (kT )
ν≪1
−−−→
2C
(
γ = 12
)
k′T kT
V 1
2
(
k′T ,QT
) ∫ +∞+iǫ
−∞+iǫ
dν
2pi
e(ω(
1
2
,0)−Dν2)Y +iν ln(k2T /k′2T )
=
2C
(
γ = 12
)
k′T kT
V 1
2
(
k′T ,QT
)(√ 2pi
D Y
eω(
1
2
,0) Y −
ln
2(k′2T /k2T )
4DY
)
(A17)
Integral in Eq. (A17) is taken in the saddle point approximation with νSP = i ln
(
k2T /k
′2
T
)
/2DY ≪ 1 and
ω
(
1
2 = iν, 0
)
= ω
(
1
2 , 0
)
− Dν2.
Appendix B: The BFKL Pomeron - onium vertex
The scattering amplitude of a dipole of size x01 with an onium has the following form:
A (Y, x01;QT ) =
∫
d2x′01 e
ix′01·QT Ψ∗onium (x
′
01) N (Y ;x
′
01, x01, QT ) Ψ
∗
onium (x
′
01) (B1)
In the momentum representation it can be written as
A (γ, k′T , kT , QT ) = (F (QT )− F (2k
′
T −QT ))
∫
d2x′01e
−ik′T ·x
′
01−ikT ·x01 N (γ;x′01, x01, QT ) /x
2
01 (B2)
The amplitude e−ik
′
T ·x
′
01−ikT ·x01 N (γ;x′01, x01, QT ) /x
2
01 can be written in the factorized form of Eq. (A15):
e−ik
′
T ·x
′
01−ikT ·x01 N (γ;x′01, x01, QT ) /x
2
01 = V
pr
γ
(
k′T ,QT
)
Nγ (kT ) + V
pr
1−γ
(
k′T ,QT
)
N1−γ (kT ) (B3)
where V prγ
(
k′T ,QT
)
is equal to
V prγ
(
k′T ,QT
)
=
∫
d2m′T I−γ (k
′
T −m
′
T ) Iγ
(
m′ −
1
2
QT
)
Iγ
(
m′ +
1
2
QT
)
= (B4)∫
dρm′ dρ
∗
m′I−γ ((ρk − ρm′(ρ
∗
k − ρ
∗
m′)) Iγ
(
(ρm′ +
1
2
ρQ)(ρ
∗
m′ +
1
2
ρ∗Q)
)
Iγ
(
(ρm′ −
1
2
ρQ)(ρ
∗
m′ −
1
2
ρ∗Q)
)
= 23−2γ
Γ (1 + γ) Γ2 (1− γ)
Γ (−γ) Γ2 (γ)
1((
kT −
1
2QT
)2)1+γ 1(Q2T )1−2γ F
(
1 + γ, γ, 2,
ρk +
1
2ρQ
ρk −
1
2ρQ
)
F
(
1 + γ, γ, 2,
ρ∗k +
1
2ρ
∗
Q
ρ∗k −
1
2ρ
∗
Q
)
Finally, the BFKL Pomeron-onium vertex takes the form
V oniumγ (QT ) =
∫
d2k′T (F (QT )− F (2k
′
T −QT )) V
pr
γ
(
k′T ,QT
)
(B5)
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